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Linear  Programing  and  Eoonomlo  Thoory 

I  Introduction 

Anyone  who  it  far'd  liar  with  both  eoonoedLo  thoory  and  linear  programing 
root  admit  that  linear  prorraBning  hat  bean  one  of  tha  moat  exciting  develop- 
ment •  in  ooonoodo  thoory  of  reoaot  years*  A  glance  at  the  ooonoalo  Journals 
ahorrs  that  a  fairly  extensive  litorature  ha  a  already  piled  up  even  though 
the  subject  ia  acaroely  old  enough  chronologically  to  go  to  kindergarten* 

Oita  id  e  the  reala  of  soonaraios ,  there  appoar  nuzaorous  linear  pro  greeting 
artioles  in  nafnsinos  of  applied  business  practice  and  in  more  purely  math*- 
matioal  journals.  but  even  these  publications  do  not  tell  the  whole  story 


,  since  a  voritablo  gusher  of  unpublishod  reoearoh 
papers  on  the  theory  and  application  of  linear  programing  seem  to  pom*  out 
in  eaoh  current  conth. 

This  oooferanoe  itself  teatifloo  to  the  widoapread  interest  in  the  sub¬ 
ject.  And  perlodlo  conferences  like  this  one,  and  llko  the  original  June,  19b9 
conference  in  Chicago,  provide  convenient  bench-marks  to  measure  our  progress. 
The  Washington  Conferenoe  on  Inequalities  and  Programing  of  June,  1951  showed 
that  the  theory  of  linear  pro i yaw  log  hod  been  extended  in  the  previous  two 
yoarei  end  it,  of  oourse,  revealed  the  tremendous  cuantitctive  expansion  of 
applications.  Similarly,  Just  reading  over  the  advonoe  titles  of  the  papers 
at  this  conferenoe  aoqualnts  one  with  the  further  advanoee  of  the  last  few 
years. 

Ordinally,  therefore,  we  oon  truthfully  say i  !>sry  day,  in  every  way, 

dL 

we  are  getting  better  and  bettor.”  For  the  purpose  of  decision- -a king, ordinal 
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* 

oorparisons  are  usually  alone  relevant*  But  If  1  were  to  digress 

momentarily  to  make  an  odlcjb  quasi-oardinol  comparison,  frankness  would 

compel  me  to  statsi  The  Proceeding  of  the  19U9  conference,  Aotlvity 

Analysis  of  Pr oduotion  and  Allocation— eh ioh  Trailing  Koopnane  so  beautifully 

oditod—  is  tlie  volviae  on  ty  boolcsholf  that  I  find  myself  most  often  referring 

subsequent 

to i  the  prinory  advnnoo  rcoorded  in  tho^l951  oonferonoo  seemed  to  have  been 
chiefly  in  the  (no  doubt  important)  field  of  computation  and  in  the  exten¬ 
sion  of  applications*  It  is  too  soon  to  tell  whether  this  so»e  phenoaenon 
of  "diminishing  returns'1  will  be  dieeemable  in  a  numerical  appraisal  of  the 
advance  this  conference  will  rooord. 

Let  me  hasten  to  qualify  this  remark*  Aren  at  the  risk  of  seeming  to 
oontradiat  tho  frunoua  J.  W*  Clark  aphorism  that  "everything  but  intelligence 
is  subjoot  to  the  law  of  diminishing  returns,"  we  must  recognise  that  most 
oonsoious  direction  of  aoiontlfio  reseoroh  muot  be  toward  pushing  it  along 
paths  of  diminishing  returns.  So  there  should  bo  nothing  discouraging  In 
ny  ooaparieon*  '*ore  than  thati  my  ovaluntion  should  stand  oe  a  tribute  to 
the  fundamental  work  of  tlo  late  19U0's  rather  than  as  a  denigration  of  sub¬ 
sequent  developments*  Finally,  I  have  given  an  econondo  theorist* •  subjeotive 
evaluation*  I  oan  roedily  imagine  that  aooording  to  the  Indifference  curves 
of  sono  applied  mathematicians,  the  subjoot  is  juot  now  beginning  for  the 
first  time  to  become  rosily  interesting* 

II  Souroes  of  Inspiration  for  Linear  Pro-remit® 

Th>  riohnesa  of  linear  progranrlng  for  the  eoonomio  theoriet  oan  be 
illustrated  by  the  dilemma  that  we  have  been  facing  in  preparing  on  exposi¬ 
tory  PAID  nono'raph  aimed  to  introduce  the  non-opooialist  economist  to  the 
eubjoct.  Some  years  ago  I  prepared  some  introductory  chapters,  written  from 
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the  general  viewpoint  of  the  eoononiet*  Put  with  oaoh  passing  no  nth  the 
projeoted  outline  grow  and  grow  In  longth*  Thla  was  not  because  of  any 
desire  to  make  the  treatment  oomprehenoive,  but  rather  simply  a  refleotion 
of  tho  many  interesting  toploa  where  ooonondo  theory  and  linear  programing 
cvsrlap*  I  began  to  feel  like  Trietr«i  Siuindy ,  who  yoa  will  reoell,  took 
several  years  to  write  up  the  first  throe  weeks  of  his  life*  To  make  ths 
series  converge  to  a  finite  sun,  Profeoaora  robert  Dorfman  and  Robert  Solow 
hare  Joined  the  projoot t  but  they  too  hare  hftd  to  face  Its  tendency  to  gro* 
out  of  bounds* 

Whet  are  sons  of  the  lnportant  areas  whore  economic  theory  and  linear 
programing  overlap?  I  don't  think  we  oan  do  bettor  than  list  the  four 
eo ureas  of  inspiration  for  linear  programiiv:  given  by  Professor  Koopoans 
in  hla  Introduction  to  the  Aotlvlty  Analysis  book*  Thee#  are  aa  followai 

(1)  The  recognition  la  tho  oorly  19^0's  by  such  continental  economists 
as  Moiss^r,  Von  Stackelborg,  Zeuthen,  Sohloslnger,  v*  Veirann,  and  »Vald  that 
the  idmple  Cossel  version  of  r/alraelen  genoral  equilibrium  could  not  be 
adequntely  appraised  by  an  unorltloal  counting  of  the  rrunber  of  its  equations 
and  the  maker  of  Its  unknowns* 

(2)  The  "now  welfare  ooonondcs"  In  the  various  versions  of  Lerner, 

threw 

Bergson,  Kaldor,  .ttoko,  Sanuolson,  1-onge#  and  Arrow  whioh  t  new  11  on  the 
earlier  writings  of  Smith,  Walras,  von  Closer,  arshall,  rtireto,  Barons,  Plgo\ 
von  I'.lsos,  and  Frod  Taylor* 

(^)  The  Interindustry  Input-output  thoorlcs  and  measurements  of  Leontied 
FVnns ,  and  Ibffenbergj  and  the  rolotod  nulti-seotor  analysis  of  Keynot,  lnrro< 
ito*  Salont,  claohlup,  letsler,  Solow,  fcodwin,  and  Chlpoen* 

(U)  Tho  spoclflo  pro ’panning  snd  optimising  problems  raised  by  defense 
and  military  problem#—  and,  more  generally,  tho  numerous  optimising  problems 
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that  business  firms  have  aluaye  had  to  solve  in  their  quest  for  profits 
and  survival*  (The  Comfield-i'.tlgler  diet  problem  and  the  Hitohoook- 
Koopmane-Ksntorovioh  transportation  problem  nl  *,ht  be  put  in  thia  oategory*) 

I  thick  to  these  four  oouroes  of  inspirations  should  be  added  at  least 
five  rore,  even  though  only  the  last  two  of  these  are  primarily  eoonoalo  in 
nature* 

(5)  The  interrelations  between  linear  programing  and  the  theory  of 
game*  of  Corel ,  v.  ^Jeuaann,  K*  A.  Fisher,  and  'orgenstern* 

(6)  Ihe  foundations  of  the  Wald  statistical  deoislon  theory,  oaating 
now  light  on  the  Usher  and  Meynan- Pearson  theories  of  statistical  and  the 
related  foundations  of  personal  probability  and  deoislon  making  of  tha 
Rsnsej^Sewege  type. 

(7)  The  purely  rrathomatloal  interest  of  LTlnkowakl,  fieyl,  Donnesen  and 
Fenohel,  sun)  a  host  of  other  natheoatiolana  in  various  aspeots  of  the  theory 
of  oonvex  eeto  and  of  topology  generally* 

(B)  Within  the  aroa  of  eoonomio  maximizing  problems,  theorists  during 
the  last  ocu"  le  of  deoades  had  begun  to  concentrate  on  the  Inequalities  that 
oharaoterls#  a  maximum  rother  then  on  tha  firsVderlvetl va  equivalences  that 
happen  to  aharaotorlse  certain  smooth  Interior  maximum  points*  Ihe  eoonoalo 
theories  of  index  numbers,  of  rovoelod  preferonoe,  of  Le  Chntelior  prinoiples, 
all  theoe  are  examples  of  this  trend  antedating  the  birth  of  linear  progranr  lng* 

(9)  Finally,  in  tho  eaonomlc  theories  of  arbitrage,  e peculation,  loca¬ 
tion,  ond  rationing  there  have  from  the  earllost  days  boon  reoognixod  to  eater 
problems  of  lnequalitiesi  since  these  problems  have  not  air  ays  been  formulated 
as  maximum  or  as  general  equilibrium  problems,  I  have  added  them  ss  a  oategory 
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separate  f roca  the  earlier  categories*  (The  names  of  Rloordo,  Cournot, 
Soitoviky,  da  iraaf  and  other  eoononiota  could  be  epeolfled  in  tMa  regard*) 

III  Theoretical  Insight ■  Provided  ty  Linear  Pro&raj  arcing 

If  you  examine  the  listed  ways  that  eoononio  theory  hoe  Inspired  linear 
programing,  you  :  ay  superf  iolsdly  Infer  that  the  rrooess  hue  been  one  of 
unilateral  oaueatlon  from  eoononio  e  to  programing*  InnRnuoh  aa  eoononio 
theory  antedatee  linear  programing  at  a  formal  dleolpllne  of  study  and  re¬ 
search,  this  la  In  a  sense  natural  and  to  be  expected*  However,  you  nay  not 
infer  that  programing  it  the  inferior  activity  even  there  It  has  taken  Its 
problems  directly  from  ancient  eoononio  theory*  Jften,  the  economist  has 
had  the  Important,  but  vastly  easier  task,  of  asking  oertain  quertionei  and 
the  linear  programing  export  has  often  been  able  to  answer  those  question#— 
in  some  oases  to  in  answers  to  them  for  the  first  time* 

I  have  been  wracking  my  brain  to  aee  If  I  oould  think  of  any  oonvers# 
example  #— where  linear  program.-  log  has  raised  new  and  Important  questions 
for  the  ooononlo  theorist  that  he  had  not  previously  thought  about*  I  have 
not  offhand  been  able  to  produce  any  and  I  would  hope  that  eowe  economist  or 
nathematloian  rill  provide  us  with  none  suoh  examples  for  discussion*1 


1In  the  oral  dlsousslon  to  this  paper.  Dr*  iortln  Jseokrmnn  suggested  that 
linear  programming  had  roieed  a  number  of  interesting  questions  for  the  theorist 
of  looatlonal  problems*  And  os  I  shall  argua  later,  nany  of  the  general  oath#* 
natloal  tools  that  are  noeded  for  linear  program.- ing—  suoh  as  oonvex  sets,  fixed 
point  theorems,  saddlepolnts,  o to. —turn  out  to  be  extremely  useiiil  to  th# 

~odera  mathematical  ooonordst* 

Upon  refleotlon,  I  exist  admit  that  linear  programing  has  suooseded  in  taoklln?; 
•empirically  many  of  the  general  problems  that  the  theorist  had  always  talked 
about*  Thus,  the  economist  speaks  glibly  of  a  multi- product  fine  as  having  a 
oo ot  function  dependent  upon  all  its  outputs  and  as  reaching  equilibrium  when 
it  equates  each  product’s  marginal  revenue  to  its  marginal  cost*  .ark  of 
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Cooper,  Charaes ,  Lianna ,  lender  eon,  Sohlaifer,  and  other*  hare  ^Lvon  oon- 
omto  applications  to  what  night  otherwise  remain  in  the  category  of  "empty 
boxea." 

t.hen  Dr.  Ceorge  Daafciig  aoked  no  In  the  oral  disouasion  why  eoonooio 
theorists  are  so  "uninterested”  in  linear  programing  applications,  1  repliedi 
"Theorists  are  congenitally  a  11* tie  bored  with  oonorete  applications.  They 
prefer  to  consider  the  genoral  qualitatire  aspects  of  thinr.o  rather  than  th mar 
selves  to  beoone  interested  in  the  quantitative  details  of,  say,  the  oil  in* 
duatry'a  multiple  products,  ''oreovor,  the  theorist  often  euspeote  that  the 
linear  pro -ratnor  grinds  out  an  oxaot  solution  to  a  rather  idealised  approxi- 
nation  to  the  true  reality— ao  that  in  any  ouee  only  the  qualitative  diroot  ion 
of  ohangoa  oan  be  inferred  from  the  programing  reoulta."  Upon  reflection,  I 
feel  that  parte  of  cy  answer  are  Indefensible.  The  theorist  should  be  In¬ 
teracted  in  concrete  applications— ’if  they  are  ^alid.  Also,  if  'buslnooeaen 
oone  increasingly  to  use  linear  programing  technique*— -even  when  not  valid- 
then  the  theorist  oust  take  this  fact  into  aooount  in  deeorlbing  their  behavior, 
in  the  soma  way  that  he  takes  into  aooount  the  system  tie  abe  ration*  of  widely 
used  aooountlng  techniques.  This  does  not  moan  that  every  eoooonio  theorist 
must  himself  specialise  in  solving  problems  of  internal  administration  for 
firms  or  other  maximizing  unltai  such  applications,  when  they  be  o  ocas  coho  rent 
enough,  will  tend  to  move  outside  the  narrow  disoipline  of  eoononios  in  the 
some  way  that  accounting  and  technology  havo  done. 


Does  this  failure  to  supply  questions  for  tho  ooononio  theorist  imply 
that  llnoar  programing  la,  from  his  selfish  point  of  view,  sterlls?  !tot  at 
all.  Programing  theory  hus  not  only  provided  the  theorist  with  many  anawera 
to  hia  quaatlona.  It  haa  alao  provided  him  with  fairly  rigorous  proofs  for 
boob  of  his  theorems— or  as  the  purist  would  say— for  sons  of  his  conjectures. 
Rven  more  important  it  haa  provided  him  with  feed-baok  insight*  into  the  finds- 
noEts  of  his  subject. 

Thus,  the  modern  economist  had,  prior  to  the  birth  of  linear  programing 
ae  a  rooognitable  separate  ontity,  attained  a  pretty  fair  understanding  of  the 
nature  of  a  prioing  neohanien  fbr  tho  attainment  of  various  volfa re- eoo nomica 
optima.  In  other  words  he  has  nada  oonoidorablo  pno-ross  beyond  Adam  Smith’s 
notion  of  the  invisible  hand,  toward  a  deeper  understanding  of  what  that  notion 
involved.  Uone  the  loss,  no  one  who  understands  both  economio  theory  cod  pro- 
f’yanrlng  theory  is  likely  to  deny  t*ot  the  latter's  fundamental  duality  theorem* 
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h^T®  Ad dad  to  his  understanding  of  the  priolng  noohanlsn  and  its 
1  Irritation*. 

IV  Hxiatonoe  of  Competitive  Eouil ibriisn 

On  this  seme  afternoon’s  program,  Profeeeo r*  Harold  Kuhn,  a  rathe- 
matlolan,  and  Lionel  "oKonaie,  an  eoononlot,  are  discussing  th*  problem  viiloh 
I  listed  a*  one  jf  the  first  souroea  of  inspiration  for  linear  programing* 
Until  ?Sald’e  proof  oaxns  along,  eoorvmiite  had  no  rigorous  demonstration  of 
the  exists  nos  of  oompotit  ire  equilibrium*  Indeed  some  inoautious  formula- 
tione  of  the  I'Jalroelan  system,  euoh  as  that  of  Cassel,  gave  rise  to  long 
uaootioed  oontradiotione  and  diffioultioe*  The  keen  litorery  so onomi st¬ 
and  he  doee  exist—  always  realleed  that  the  nay  out  of  theoe  oontradiotione 
oone  from  making  some  factors  free  and  then  dropping  the  requirement  that 
all  of  a  free  factor  be  en ployed,  r/hioh  ie  preolaely  the  mathematician’s 
final  revolving  of  the  psupudox.  (On  this  same  afternoon’s  program,  Profee- 
b or  Georg* sou-floe gen,  both  a  keen  literary  and  rothematloal  economist,  in¬ 
terprets  the  eoonomlc  history  of  Roumania  In  terms  of  suoh  a  redundancy  of 
labor i  the  Dutoh  economist  Valk  offered  a  dollar  hypothesis  to  explain  de¬ 
pression  unemployment,  and  ny  colleagues  at  the  MIT  Center  for  International 
Studios,  Pr*  Ronsnateln-Rodan  and  TV.  "oka us  have  euggestcd  similar  interpre¬ 
tations  to  explain  the  redundancy  of  labor  in  nodem  Italy.) 

The  nature  of  the  difficulty  pith  the  Cassel  ays  ten  ie  easy  to  see  from 
the  following  two  sots  of  equations 


n 


(1) 

i  Vj  '  vi 

( i=»l  ,2 ,. . .  ,m) 

(2) 

i  *ji"i  ’  pj 

(J°l  *2,...  ,n) 

///,. 
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where  X'a  are  a  outputs  with  Pf«  their  competitive  -.arket  prices,  and  V ’• 
art  m  factor  inputs  and  W»s  their  market  factor  prions,  and  where  a^ ^  ara 
8  poo  If  led  non-negative  fixed  coefficiento  of  rroduotion*  Equations  (1) 
say  that  all  factors  ora  used  up  and  (2)  say  that  all  goods  sail  at  their 
unit  costs  of  production,  with  competition  grinditx;  out  all  profits  or 
surpluses* 

Even  with  n  W  n,  ths’-e  ia  nothing  contradictory  about  (1)  and  (2)  until 
the  theorist  root  on  to  make  the  assumption  that  the  ffcotor  cuprites,  as 
given  by  the  rirht-hand  V*s  In  (1)  can  be  arbitrarily  spsoified,  at  the  aaai 
tins  that  the  oaxaaodity  prloeo  on  ths  right  of  (2)  are  all  arbitrarily  spool* 
fled*  Usually,  we  think  of  ths  nurber  of  goods  ss  exceeding  the  number  of 
factors,  so  d  }  m.  This  means  that  the  set  (1)  is  undsrjjete mined ,  with 
rm  X»s  beir^  ospablo  of  taking  on  arbitrary  values* 

This  is  troublesome,  but  not  logically  contradictory*  itowover,  look  at 
(2)*  V.Ith  all  P'a  arbitrarily  speolflabla,  we  have  n  conditions  on  n<  n 
unknown  n*s*  So  (2)  is  overdate  ml  nod,  posse  owing  no  solution*  The  de^ee 
of  its  overdo  terminaoy  is,  oo  to  apeak,  n-m* 

1km  was  this  basic  irreconollability  overlooked?  In  part,  beoeuae 
theorists  oountsd  the  total  nixaber  of  unknows  in  (1)  and  (2),  thloh  worked  out 
to  be  rnm  end  found  them  equal  to  tho  total  number  of  eouatione  in  (1)  and 
(2),  alto  n*o.  So  to  epeak,  they  unknowingly  oanoolled  out  the  unierdeterndnaoy 
of  (1)  token  by  itself  against  the  over  deteminaoy  of  (2)  taken  by  itaelf* 

Thla  Is  logioally  illegitimate*  This  is  also  oherm  by  the  mathematical  faot 


that  the  determinant 
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at  lApIcoo  '•  development  shows. 

Booncmiets  rruch  os  VdLeeer  and  I'rod  Day  lor  had  avoided  this  difficulty 
by  aisxcdng  that  man.  rbvrrcer,  this  doss  not  avoid  the  difficulty  %  it  only 
postpones  the  logiool  oontrad  lotion*  For,  in  the  flrot  place,  even  with  nan, 
there  is  no  reason  at  all  why  the  a^  matrix  should  not  be  ali^ulart  shy 
shouldn't  too  rpoda  use  exactly  the  same  proportion  of  Inputs?  If  the  theorist 
objects  that  this  is  equivalent  to  defining  then  as  the  sane  roods  and  there¬ 
fore  reducing  n  to  one  below  m,  this  simply  confesses  that  there  is  a  logical 
difficulty. 

Let  tie  for  the  purpose  of  the  ar^umant  suppose  that  Mature  is  kind  and 
doea  -.ive  us  a  non-singular  square  matrix  of  a'i>  Cxoept  In  the  trivial  oase 
where  eaoh  good  requires  but  cne  faotcr  which  is  uiique  to  it,  (1)  and  (2)'e 
determinate  a  lution  for  eaoh  prosorihed  set  of  jouitivo  Vs  and  P*  a  oamot 
have  the  property  of  always  avoiding  negative  values*  I.e*  we  oan  easily 
specify  arbitrary  positive  valuas  of  tho  V's  and  P*e  whioh  cause  one  or  more 
of  our  coonomlo  ufftnowns  to  be  negative.  (Thin  foil <x?s  iron  simple  eoonomlo 
rea  toning  if  wo  supply  the  ftertors  in  proportions  more  extreme  than  any  good 
usosi  or  it  oan  be  proved  by  the  nathonzvtioal  fact  that  a  non- singular  matrix 
of  noj^negatlve  ooeffloients  that  io  not  the  identity  matrix  must  have  negative 

m  J 

elements  in  its  inverse,  so  that  a  V  oan  for  appropriate  aholoe  of  positive 
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V»o  bo  node  to  hove  on©  or  'nor©  negative  element.) 

lJoononlste  eventually  learned  all  thie,  and  if  they  had  boon  mmeri- 
©ally  nindod,  they  night  har©  learned  this  ©ran  earlier*  But  on©  ©ay  that 
they  had  of  resolving  any  euoh  difficulties  was  to  deny  one  of  the  postu¬ 
lates  giving  riae  to  the  trouble!  why  keep  Insisting  that  tho  factor  eup- 
plios  were  prescribable  at  arbitrary  levels?  "Thy  keep  insisting  that 
any  competitive  prices  oould  be  preeorlbed?  Alternatively,  why  not  pre¬ 
scribe  that  only  those  prioes  compatible  with  ooot  of  produotlon  are  possi¬ 
ble?  And  only  those  factor  supplies  that  oon  all  bs  used? 

Thus,  we  may  still  bs  able  to  avoid  loglosl  inconsistency  by  insisting 
on  the  equalities  of  (1)  and  (2)  but  letting  all  variables  ba  unknowns— 
not  just  half  the  variables*  Thus,  we  have  n  ♦  n  equations  binding  2(n-n) 
unknowns  and  there  need  be  no  overdeteminaoy*  There  is  of  ocurse  under- 
detemdnaoy,  but  we  feel  that  we  can  add  taste  or  demand  equations  and  dis¬ 
utility  or  factor  supply  equations  that  will  serve  to  determine  our  system* 
But  do  wo  know  this?  The  eoononiot  feels  Intuitively  that  this  is  soi 
yet  the  rrathooatioian  will  require  proof  of  the  Wald  or  other  type*  I  shall 
briefly  aketoh  the  elements  of  such  a  proof,  making  olirhtly  etroagar  as¬ 
sumptions  than  i-ald  does*  But  oinoe  I  believe  his  assumptions  are  overstrong, 

from  the  ©aonomlo  viewpoint,  there  will  not  really  be  ruoh  difference  between 

2 

my  aaeumptlons  and  those  of  bald  and  Cohlesingor* 


i?ald  as  suers  that  market  demand  functions  relating  totals  bought  by  everybody 
eatiofy  what  re  today  oall  the  "beak  Axiom"  of  pnefereno©  theory*  Suoh  an 
axiom  holds  for  a  single  individual,  but  it  is  arbitrary  to  canoe  it  holds 
for  the  market  totals*  lany  plausible  examples  oan  bo  given  of  this  faot* 

In  a  yet  unpublished  pop or,  I  have  proved  that  something  like  this— and  more— 
would  hold  in  a  "good  soeioty"  where  inoonos  are  always  optimally  redistributed 
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so  as  to  maximise  a  social  nolfore  function*  Suoh  a  'rod  go oi arty  aote 
libs  a  elnrlo  individual — ao  re  night  at  noli  from  tha  beginning  talk  of 
Robinson  Crusoe#  tote  that  “oKensie's  proof  of  existenoe  la  free  fron 
thit  lirdtatioai  but  ho  rightly  abandons  '  aid's  attempt  to  prove  rhat  la 
untrue  of  competitive  equilibrium  generally—ruroly  uniqueness  of 
equilibria# 


First,  aasuno  that  there  la  a  ■in'' la  Robinson  Cruaoe  with  regularly 
oonvsx  indifference  ourves  uatorlbable  by  o  smooth  ordinal  utility  indica¬ 
tor  U(Xx,##*,XQ)  n  U(X)  with  tho  property*  if  U(A)  ■  U(B ) ,  than 
U(A*fl)>  U(A)  ■  U(B)*  Tha  substitution  ratios,  dV  ^  /  aU'dX^  ara 
determinate  functions  f  ^(X)  of  the  goods  consumed ,  lndapendantly  of  tha 
utility  lndloetor#  Finally,  aasuno  that  Crusoe  is  indifferent  as  to  how 
nuoh  of  eaoh  he  eupplios  betT7aen  0  and  whoro  tha  latter  ara  prescribed 
positive  mssbers# 

Theaa  oondltlons  trill  be  eufflolent  to  define  a  con  petit  lve  oqui  libriua, 
which  will 

L'axiniee  U(X1#...^a)  a\fc^eot  to 

(*) 

n 

1  *n  -  ^4  (i«l,*#*,n) 

X  1J  J  —  1  • 


writing  the  resulting  maxinited  valuo  of  U  as  F(^x»#*  •  )#  we  oaa 

n 

determine  the  resulting  fa o tor  prioos  F7j  ei.  proportional  to  dF/dVy  and 
prices  trill  be  proportional  to  cU^SX^,  and  will  aatiafy  a  set  of  relations 
just  like  (2  )  but  with  inequalities  inserted  to  take  oocount  of  tha  possi¬ 
bility  that  for  roods  not  produced,  price  nay  cucoeed  unit  oost  of  production* 
Vlald  doee  admit  the  oxistenoe  of  inequalities  in  (1),  but  following  Sohleslnger 
he  makes  the  unneoessarlly  restrictive  assumption  that  if  any  X^  la  aero,  the 
resulting  level  of  well-being  is  loss  than  it  is  for  any  point  at  rhioh  all 
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X’o  are  positive*  this  insures  that  every  X^  it  positive  and  that  all 
the  equalities  hold  in  (2)*  Slnoa  unlquonooa  la  arbitrary,  I  do  not  fol¬ 
ic*  V.ald  In  assuming  that  the  rank  of  a  la  mi  It  oan  be  anything* 

Tine  does  not  permit  mo  to  droll  on  the  naturalness  of  the  fixed- 
point  types  of  proof  of  the  existence  of  competitive  oquillbrlun*  To  soae 
th0  8t  may  seen  like  rather  sophisticated  mathematical  tools  for  the  eooncmist 
to  be  usingi  but  to  ny  mind,  they  do  strikingly  employ  the  economist’s  in¬ 
tuitive  feeling  that  equilibrium  Intersections  must  exist  if  all  the  supply 
and  demand  functions  have  the  appropriate  continuity  properties* 

I  heartily  approve  of  the  geiftlenen's  agreements  that  are  made  about 
continuity  so  that  these  beautiful  theorems  and  proofs  oan  be  brought  in* 

Uone  ths  less,,  from  the  atrlot  ooonosdos  of  the  oase,  we  must  be  prepared  to 
enoo unter  phenomena  that  lead  away  from  the  exlstonoe  of  an  equilibrium 
Here  io  a  simple  example*  Jan  A  has  lndlfferanoo  curves  for  two  goods  that 
are  like  rectangular  hyperbolas*  So  far  so  good*  But  Lien  D  has  indiffer¬ 
ence  curves  In  torrae  of  hla  consumption  of  those  same  goods  which  are  like 
quarter  oirolss,  or  at  least  are  very  slightly  convex  from  above*  This 
denies  the  usual  textbook  oonvexity,  but  nhat  does  B  care  about  that!  Mow 
let  us  start  eaoh  man  out  with  a  *iven  endowment  of  both  goods,  and  dsrlve 
the  resulting  competitive  supply  and  demand  curves*  L'an  A’o  will  be  of  the 
normal  continuous  typs*  But  I!an  B*o  demand  ourve  will  dsfy  the  continuity 
axiom  of  V.ald  or  lioKentie*  Fi~uro  1  shorn  how  the  resulting  demand  ourve 
may  "have  a  hole  in  it"  and  make  the  exlstonoe  of  oompetitiws  equilibria 
impossible*  (The  reader  might  imagine  a  servo  that  drives  price  up  when 
demand  exceeds  supply,  and  arguo  that  some  kind  of  a  statistical  averaging 
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V  I \xj«t  of  Advanced  Method* 

t 


AdTanoed  mathematical  not  hod  a  art*  usually  considered  more  difficult 
than  elementary  ones*  The  reverse  is  often  the  case*  I  shall  oonolude 
with  on  example  rhloh  illustrates  enormous  slnrHfiootion  of  the  rathe- 
natioal  ooonomist ’•  teohnloal  task  that  results  when  he  uses  a  few  of  the 
concepts  of  inequality  and  convexity  rather  than  the  intricate  tools  of 
the  advanced  oaloulus  (ouoh  as  Jaoobians,  Hessians,  bordered  determinants, 
definite  quadratic  forms,  eto.) 

first,  consider  the  olassloal  lav  of  diminishing  roturns  as  applied 
to  a  smooth  production  function  involving  na ny  'variables*  Suoh  a  function 
is  usually  assured  to  bo  honogenscus  of  the  first  degroe,  so  that 


(U) 


y  •  g(*x. •••#*,)  ■  g(*)  *  g(A*)/ 

e(x)  ”  i  *)  % 


for  A>  0 


l  yL-  x  w  0 
i  J 


so  that  II 


[%]■" 


'Isa  singular  matrix* 


To  the  assumption  of  oonstanb»roturne-to-#oele  is  added  the  usual  assumption 
of  "diminishing  return#  to  dir. proportionate  changes*"  The  mathematical 
economist  a\*  marl  res  this  by  requiring  R  to  be  negative  sard-definite,  usually 
of  renk  n  *  1* 

All  this  is  expressed  vdth  more  economical  assumptions  and  exposition  by 
the  two  requirements 

(5)a  y  «*  s(*)  ■  s(A*)  'A  *A>0 

(5)b  g(x-fe)  >  g(x)  ♦  y(s) 
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Indeed,  «•  oould  dispense  with  the  first  of  those  oouflitioas  if  r*  modify 
the  eooond  so  at  to  require  tho  equality  sign  when  Cxil  -  *  CiJ' 

From  (5)*  end  (5)b  we  oan  easily  deduce  the  fundamental  oomrexity  of 
the  equal-produot  oontoura  that  is  oo  important  for  olaseioal  competitive 
theory  and  for  non-linear  and  linear  profyamiugi  in  word*,  a  point  half 
nay  between  too  points  on  the  same  o  on  tour  oan  nnvnr  lie  be  lor  that  oontour* 
Or 

c(a)  ■  g(b)  implies  »  ♦  \  b)  >  g(a)  ■  g(b)  • 

Proof » 

•  ♦  -g  b)  n  £  c(*4b)^ 

a  relation  whloh  hold*  even  if  g(a)  4  g(b)*' 

•rlthout  a^y  modification,  (5)b  by  itself  serves  to  rule  out  dec  roe  sing 
return*  to  scale*  ( ;ftheoatioal  proof  t  g(Cx)£  2g(x)  for  all  x  doea  imply 
g(A *)>Ag(*)  for  all  A  >0*)  The  oosnon  aenee  of  thle  la  important  for 
e  oo  nodes*  If  me  oan  always  at  worst  get  tho  pun  of  independent  production 
activities,  incroc oing  scale  oan  never  lower  unit  returns*  rhi«  noons  that 
anti-truet  polloy  oannot  rely  on  diseconomies  of  largo  eoale  production  to 
polio#  competition  if  the  different  ports  of  Cenoral  Motors  are  always 
oapable  of  desisting  from  contaminating  oaoh  other* 

Doth  (5)»  and  (5)b  are  hypotheses  that  oan  be  falsified  by  realityi 
they  are  ho  no#  not  provable  by  logio*  Yet  (5)b  will  eeern  tosaqy  eoonoaieta 
to  have  greater  empirical  plausibility  than  the  no  re  epeoial  aeetnption  of 
o  one  tact  returns  to  oosle*  It  is,  therefore,  worth  pointing  out  the 

disastrous  analytio  ooneequonooe  both  for  linear  pro -Tarring  and  lor  the 

*  \p 

usual  versions  of  non-linear  programing  if  (5)b  is  affimed  and  (5)&  denied* 
fte  oannot  then  be  euro  that  the  equal-product  oon tours  hove  the  olaeeioally 
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f 

* 


’iha  re*dar  night  to4ioo»ly  prore  thl.  fro*  (U)  Hr  bordoring  ^ 
by  ag^i  or  by  firing  y  «.  g(*i..  ••»**,>  for  *x  “  f* 

the  po»ltiTe-definlt6T»0«  of  the  (x>-l)fl  Ite«»lea  3a0 j 

ao11'axj  •  BjxdDii/a*i  wh#r*  Bn  "  “  Oe/&K1)A3g,0*1)  for  - 

J  ‘  k  4*'  ,y 

■  ■  ■  —  >  ■»*.  u." 

v>  < 


4 

* 


«e 

# 


,AV 

•*  c , 
«< 


rr*. 


;fr.4 


:■) 


V 

.A 

.  V  * 


4 


postulate  oonvexity  needed  for  oo  repetitive  equilibria  and  needed  to 


lnaure  *  looal  maximum  la  Indeed  a  maximum  In  the  1  arge* 

A  sln-le  oxen  pie  will  make  thl  a  oloari  g  °  :i5  4  *2  satisfies  (5)b 
but  doee  not  have  the  oonvexity  property  G(a)  a  fl(b)£  g(*j  •  ♦  b)#  as 

oan  be  seen  from  the  quarter- ol role  product  oontoura*  (!!ote  that 
C  °  V  xf  4  *8  haa  the  sane  oontoura  and  dooa  outiefy  (5)a»  hence,  it 
oould  not  satisfy  (5)b»-»and  doea  not*  If  £  n  v*F  4  x{j  la  teohnologloally 
feoeible  and  our  final  produotlon  Ainotlon  g  (xlrxfi)  la  required  to  satisfy 

(5)b#  then  fixx'fiu)*  n  xi  4  xB,  and  v/111  In  fsot  «*  xx  4  x*» 

the  m 

which  will  be 'eoonamioslly  relevant  production  fu notion* ) 

Hnre  is  an  in  port  ant  final  theorem  with  many  application*.  To  prove 
it  by  manipulation  of  bordered  Ifeesiana  would  be  tedious  indeed# 

Theorem  Lot  U  a  f  (xj.,..  •  ,xa)  =  f(x)  have  the  property! 
f(a)  a  f (b)  lnpliea  f(Jj  a  4  ^b)^  f(ft)l  and  let  m  funotlons 
“  G^(x)  raoh  have  the  properties 
(^(A  x)  ■  A^fx) 

G1(X4|)  >_  gt( r.)  1 

sod  lot  U  a  f(x)  to  bo  a  naxirma  oubjeot  to 

^(x)^^  (1=1,..  •  ^j) 

attain  a  maximum  oqu?.l  to  U  a  F(Yx,...,Y  )  c  F(T)  • 

Then,  P  hue  the  sane  property  as  f,  namely 

F(A)  a  F(n)  lnpllos  F(j  A  +  j  D)£.F(a)  o  F(D) 

Proof »  Suppose  f  (a)  n  F(a)  =  f  (b)  a  1(B)  rrith  g^(a)  ^  A  and  q^(b)  £  B# 

Then  -i  a  4  £  b  la  a  feasible  point  In  that  •  4 

&(*)  6,(b)  A4fl 

—  4  — g.  —  n  — •  Certainly 


b)£  f  (a)  ■  f(b)  ■  P(A)  m  FfB)  by  hypothesis 


Speolal  oaMt  of  this  theorem  aro  the  following  i  (l)  Ths  off io lent 


prxxSufitlon  possibility  frontier  relating  total  output*  and  inputs  eust  be 

^ ,  1  t  '  m  J>  £ 

a  oot rrex  set  if  eaoh  production  function  satisfies  the  olassioal  return# 

n 

1«*»  (Set  ^  *»  Fl(v11#***,Vni)  -  l  V  to  proro  thla*)l  (U)  In  ny  •qua* 
tlons  (*),  U  ■  F(Vx#***,Vn)  o  F(V)  has  tha  stipulated  oorrrwdty  property i 
(111)  The  beautiful  I  Holes  theorem  that  composite  goods  hare  regularly 

f  ^  « 

shaped  indifferenoe  contours  follows  if  we  set  gx  Pxxx  ♦  •••  ♦  $ 


**  f+1  r+l  ’  kt  •  oww  v  ^  M 

£  ,rv  "rv 

Lest  the  powsr  of  these  methods  betray  us  into  Ignoring  tbs  noo* 

J  i’T-TV.&It  "V-v^ 

oorrfexity  that  may  ooour  in  the  roal  world,  let  oe  end  with  a  mild  inequality 

'  •  v-  .  li-  s  *  ■J-S.  ^  ^ 

of  revealed  proference  that  holds  sven  when  we  deny  the  convexity  of  the 

r>  "  •  r  ~  ~r*- :  ,  x  a1 

•  *  *  *  ^  »  *  ;  Jk*  •  ^  ^ 

indiflorsnoe  curves  needed  for  the  above  theorems*  whatever  the  shape  Of 

•  n  v,  '  */  i-JJ  • 

U  a  f(xX0.*«#x  ),  truly  aexlmlslng  l  Pi  eubjeot  to  f(x)£  0  Will  give  us 
n  i  J  J  — 

x.  •  </4(px»***»P  )  T/ith  lb®  property  Idx4AP4^  Cr-e  result  in  revealed 


preference  that  is  true  even  when  many  local  it»^p  have  -to  be  painfully 
eliminated  from  the  optical  solution*  Other  Important  examples  in  the  realm 


of  decreasing  oost  industries  art  se  to  plague  the  linear'  prb 


